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ELECTRON DYNAMICS I N  A PLASMA FOCUS 

Frank Hohl,  S. Peter Gary,* and 
P a t r i c i a  A .  W i n t e r s  

Langley Research C e n t e r  

SUMMARY 

R e s u l t s  are p r e s e n t e d  o f  a numer i ca l  i n t e g r a t i o n  o f  t h e  th ree -d imens iona l  
r e l a t i v i s t i c  e q u a t i o n s  o f  motion o f  e l e c t r o n s  s u b j e c t  t o  g i v e n  e l ec t r i c  and mag- 
n e t i c  f i e l d s  deduced from expe r imen t s .  F i e l d s  due t o  two d i f f e r e n t  models are 
i n v e s t i g a t e d .  For t h e  first model,  t h e  f i e l d s  are t h o s e  due t o  a c i r c u l a r  d i s -  
t r i b u t i o n  o f  a x i a l  c u r r e n t  f i l a m e n t s .  A s  t h e  c u r r e n t  f i l a m e n t s  c o l i a p s e  toward 
t h e  a x i s ,  large az imutha l  magnet ic  and a x i a l  e l ec t r i c  f i e l d s  are induced .  These  
f i e l d s  e f f e c t i v e l y  h e a t  t h e  e l e c t r o n s  t o  a t e m p e r a t u r e  o f  approx ima te ly  8 keV 
and accelerate e l e c t r o n s  w i t h i n  t h e  r a d i u s  of t h e  f i l a m e n t s  t o  h i g h  a x i a l  ve loc -  
i t i e s .  S i m i l a r  r e s u l t s  are o b t a i n e d  f o r  t h e  c u r r e n t - r e d u c t i o n  phase o f  f o c u s  
f o r m a t i o n .  For t h e  second model, t h e  f i e l d s  are t h o s e  due t o  a uniform c u r r e n t  
d i s t r i b u t i o n .  Both t h e  c u r r e n t - r e d u c t i o n  and t h e  compression phases  were s t u d -  
i e d .  There is  l i t t l e  h e a t i n g  o r  a c c e l e r a t i o n  o f  e l e c t r o n s  d u r i n g  t h e  compres- 
s i o n  phase because t h e  e l e c t r o n s  are t i e d  t o  t h e  magnet ic  f i e l d .  However, dur-  
i n g  t h e  c u r r e n t - r e d u c t i o n  phase ,  e l e c t r o n s  n e a r  t h e  a x i s  are a c c e l e r a t e d  toward 
t h e  c e n t e r  e l e c t r o d e  and r e a c h  e n e r g i e s  o f  100 keV. The computa t ions  are i n  gen- 
e ra l  agreement w i t h  e x p e r i m e n t a l  r e s u l t s .  A c r i t e r i o n  i s  0btaine.d which l i m i t s  
t h e  runaway e l e c t r o n  c u r r e n t  t o  about  400 A .  The c r i t e r i o n  depends o n l y  on t h e  
e l e c t r o n  t empera tu re  and t h u s  i s  s u b j e c t  t o  e x p e r i m e n t a l  o b s e r v a t i o n .  

I N T R O D U C T I O N  

Plasma-focus d e v i c e s  have been e x t e n s i v e l y  i n v e s t i g a t e d  i n  a number o f  l a b -  
o r a t o r i e s .  (See  refs. 1 t o  8 . )  F i g u r e  1 i l l u s t r a t e s  t h e  c o a x i a l  plasma-focus 
a p p a r a t u s .  The r e g i o n ’ o f  i n t e r e s t  i n  t h e  p r e s e n t  i n v e s t i g a t i o n  i s  t h e  small 
c y l i n d r i c a l  shaded r e g i o n  d i r e c t l y  o v e r  t h e  c e n t e r  e l e c t r o d e .  T h i s  i s  t h e  
r e g i o n  where t h e  d e n s e ,  h igh - t empera tu re  p lasma a p p e a r s  i n  t h e  f i n a l  s t a g e s  o f  
focus f o r m a t i o n .  Opera t ion  o f  t h e  p lasma f o c u s  w i t h  deu te r ium as t h e  f i l l i n g  
gas y i e l d s  i n t e n s e  b u r s t s  o f  n e u t r o n s  and X-rays. A two-dimensional f l u i d  model 
o f  t h e  plasma f o c u s  h a s  been developed by P o t t e r  ( r e f .  9 1 ,  and t h e  model 
d e s c r i b e d  w e l l  t h e  i n i t i a l  phases  o f  f o c u s  f o r m a t i o n .  However, such  f l u i d  mod- 
e l s  do no t  i n c l u d e  t h e  d e t a i l e d  p r o c e s s e s  o f  i o n  and e l e c t r o n  h e a t i n g  o c c u r r i n g  
d u r i n g  t h e  f i n a l  phase of f o c u s  f o r m a t i o n .  To i n v e s t i g a t e  t h e  p r o c e s s  o f  i o n  
h e a t i n g  and a c c e l e r a t i o n  i n  t h e  plasma f o c u s ,  a number o f  models have been used 
t o  de t e rmine  i o n  t r a j e c t o r i e s  i n  g i v e n  f i e l d s  deduced from expe r imen ta l  d a t a .  
(See refs. 10 t o  1 2 . )  Some of t h e  more r e c e n t  work on i o n  dynamics based on a n  
improved model (refs.  13 and 1 4 )  is  i n  good agreement w i t h  t h e  e x p e r i m e n t a l  
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data. The purpose of t h e  p r e s e n t  pape r  i s  t o  p r e s e n t  r e s u l t s  on t h e  e l e c t r o n  
a c c e l e r a t i o n  i n  t h e  plasma f o c u s  and t o  d i s c u s s  t h e  a s s o c i a t e d  X-ray p r o d u c t i o n .  

X-ray emiss ion  from t h e  plasma f o c u s  has been i n v e s t i g a t e d  by many d i f f e r -  
e n t  e x p e r i m e n t a l  g r o u p s .  (See refs. 3, 4, and 15 to  1 9 . )  The expe r imen ta l  
r e s u l t s  show tha t  t he  plasma f o c u s  emits a s u b s t a n t i a l  f l u x  o f  X-rays w i t h  ene r -  
gies greater t h a n  100 keV. Also, t h e  hard X-ray i n t e n s i t y  i s  greatest i n  t h e  
d i r e c t i o n  p o i n t i n g  from the  plasma t o  t h e  anode,  i n d i c a t i n g  t h a t  t he  X-rays are 
produced by high-energy e l e c t r o n s  s t r i k i n g  t h e  anode ( r e f .  1 9 ) .  

Newman and P e t r o s i a n  ( r e f .  20) have proposed a model o f  t h e  plasma f o c u s  
where e l e c t r o n s  are accelerated d u r i n g  t h e  c u r r e n t - s h e e t  c o l l a p s e  ( compress ion )  
phase ,  which would accelerate e l e c t r o n s  away from t h e  anode t o  produce X-rays i n  
t h e  plasma. However, t h i s  c o n c l u s i o n  i s  n o t  suppor t ed  by e x p e r i m e n t a l  e v i d e n c e .  
For example,  f i g u r e  2 shows a p i c t u r e  from a n  X-ray p i n h o l e  camera o f  t h e  plasma- 
focus fo rma t ion  p r o c e s s  from t h e  50 kV 50 kJ plasma f o c u s  a t  t h e  Langley Research 
C e n t e r .  The u s u a l  p i n h o l e  camera p i c t u r e  shows o n l y  t h e  X-ray emiss ion  from t h e  
e l e c t r o d e  and from t h e  v e r y  dense  cone-shaped plasma d i r e c t l y  above t h e  c e n t e r  
of t h e  e l e c t r o d e .  T h i s  r e s u l t  i s  caused by e l e c t r o n s  accelerated downward and 
s t r i k i n g  t h e  e l e c t r o d e  o r  t h e  dense plasma. To d e t e r m i n e  t h e  p r e s e n c e  o f  any  
upward accelerated e l e c t r o n s ,  a n  aluminum p l a t e  was p laced  above t h e  c e n t e r  elec- 
t r o d e  as shown i n  f igure 2.  No X-ray image o f  t h e  aluminum target was o b s e r v e d ,  
t h u s  i n d i c a t i n g  t h a t  e l e c t r o n s  are accelerated p r i m a r i l y  downward toward t h e  ten- 
t e r  e l e c t r o d e  and n o t  upward. 

The uniform-current  model used i n  t h e  p r e s e n t . p a p e r  shows t h a t  e l e c t r o n s  
are accelerated toward the  c e n t e r  e l e c t r o d e  i n  agreement w i t h  e x p e r i m e n t a l  
r e s u l t s .  The plasma-focus parameters used i n  t h e  p r e s e n t  paper  are t h e  same as 
t h o s e  used i n  an ear l ie r  paper  on i o n  h e a t i n g  i n  a plasma f o c u s  ( r e f .  1 4 ) .  That  
i s ,  t h e  peak c u r r e n t  i n  t h e  f o c u s  i s  t a k e n  t o  be 1 MA. During t h e  c o l l a p s e  
phase ' t he  c o l l a p s e  v e l o c i t y  i s  180 km/s and t h e  c u r r e n t - r e d u c t i o n  phase r e s u l t s  
i n  a 30-percent decrease o f  t h e  c u r r e n t  i n  a time o f  50 ns .  

Two models of t h e  c u r r e n t  d i s t r i b u t i o n  are s t u d i e d  i n  t h e  p r e s e n t  p a p e r .  
The first d i s t r i b u t i o n  is t h a t  d u e  t o  a c i r c u l a r  d i s t r i b u t i o n  o f  c u r r e n t  f i l a -  
ments as observed by B o s t i c k  e t  a l .  ( r e f .  2 1 ) .  Evidence o f  such f i l a m e n t s  has  
a l s o  been observed by r a d i a l  t r acks  on t h e  copper  e l e c t r o d e  from t h e  plasma 
f o c u s  a t  t he  Langley Research C e n t e r .  An example o f  such  t racks i s  shown i n  f ig -  
ure 3. The c e n t r a l  h o l e  i n  t h e  e l e c t r o d e  i s  t h e  r e s u l t  o f  e n e r g e t i c  p a r t i c l e  
i n t e r a c t i o n  r e s u l t i n g  from f o c u s  f o r m a t i o n .  The second model i n v e s t i g a t e d  i s  
a uniform c u r r e n t  d i s t r i b u t i o n  used p r e v i o u s l y  f o r  t h e  i o n  dynamics s t u d i e s  
( refs .  13 and 1 4 ) .  For b o t h  models t h e  c o l l a p s e  and the  c u r r e n t - r e d u c t i o n  
phases  are s t u d i e d .  

SYMBOLS 

A' magnetic v e c t o r  p o t e n t i a l ,  webersheter  

3 magnet ic  f i e l d ,  t es las  

C speed o f  l i g h t ,  meters /second 
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e lec t r ic  f i e l d ,  v o l t s / m e t e r  
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Ir 

3 
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"e 
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rO 

rr 
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T* 

t 

V 

V 
-) 

av 

v C  

t h  

magnitude of e l e c t r o n i c  charge, coulombs 

c u r r e n t ,  amperes 

runaway c u r r e n t ,  amperes 

c u r r e n t  d e n s i t y ,  a m p e r e s h e t e r  2 

mass, k i l o g r a m s  

e l e c t r o n  mass, k i l o g r a m s  

i o n  mass, k i l o g r a m s  

number o f  c u r r e n t  f i l a m e n t s  

electron-number d e n s i t y ,  meters'3 

r a d i u s  of  c u r r e n t  f i l a m e n t s  o r  r a d i u s  of c u r r e n t - c a r r y i n g  r e g i o n ,  
meters 

i n i t i a l  r a d i u s  of  plasma column, meters 

c y l i n d r i c a l  c o o r d i n a t e s  

p o s i t i o n  v e c t o r  

r a d i u s  of  o u t e r  e l e c t r o d e ,  meters 

runaway r a d i u s ,  meters 

t e m p e r a t u r e  d e r i v e d  from 1 m((V - t V > I 2 ) ,  e l e c t r o n v o l t s  2 

e f f e c t i v e  ene rgy  o f  e l e c t r o n  beam d e r i v e d  from 1 m 
2 

e l e c t r o n v o l t s  

t ime, seconds  

v e l o c i t y  

v e l o c i t y  v e c t o r ,  meters /second 

a v e r a g e  d r i f t  v e l o c i t y ,  meters /second 

c o l l a p s e  v e l o c i t y ,  180 k i lome te r s / second  

the rma l  v e l o c i t y ,  me te r s / second  

3 



X , Y , Z  r e c t a n g u l a r  c o o r d i n a t e s  

B = poeneVav/2 

PO 

T time c o n s t a n t  p e r  second 

p e r m e a b i l i t y  o f  f ree  s p a c e  

c y c l o t r o n  f r equency  p e r  second 
QC 

S u b s c r i p t s  : 

e e l e c t r o n  

i i o n  

max maximum 

r , e  , z  r-, e - ,  and z-components 

x-, y-, and z-components X , Y , Z  

No t a t  i o n  : 

< >  root-mean-square v a l u e  

u n i t  v e c t o r  A 

THE MODEL 

Equa t ions  of  Motion 

The r e l a t i v i s t i c  e q u a t i o n s  of  motion f o r  e l e c t r o n s  s u b j e c t  t o  e l e c t r i c  and 
magnet ic  f i e l d s  are 

and 

= $(t> 
d t  

By n e g l e c t i n g  t h e  d i sp lacemen t  c u r r e n t ,  t h e  r e l e v a n t  Maxwell e q u a t i o n s  are 
+ 

V x = poJ (3 1 

4 



and 

V x L - d  a t  ( 4 )  

I n  c y l i n d r i c a l  c o o r d i n a t e s  w i t h  t h e  c u r r e n t  i n  t h e  z - d i r e c t i o n ,  t h e  f i e l d s  
are 

and 

E' = ;Ez ( 6 )  

Equa t ions  ( 1 )  and ( 2 )  are i n t e g r a t e d  n u m e r i c a l l y  by u s i n g  t h e  time-.centered l e a p -  
f r o g  method. 

Cur ren t  F i l amen t  

The v e c t o r  p o t e n t i a l  for a r i n g  o f  c u r r e n t  f i l a m e n t s  i n  t h e  plasma f o c u s  i s  
approximated by t h e  v e c t o r  p o t e n t i a l  f o r  a n  i s o l a t e d  r i n g  o f  n c u r r e n t  f i l a -  
ments e q u a l l y  spaced around a c i r c l e  o f  r a d i u s  R .  Tha t  i s ,  

( 7  1 
P I  
4 s  

Az(r,e) - 0 I n  ( R 2 n  - 2Rnrn c o s  n e  + r2n) + C 

where I is  t h e  c u r r e n t + i n  each+f i l amen t  and C is  a c o n s t a n t .  The magnet ic  
f i e l d  is  o b t a i n e d  from B = V x A ,  o r  

and 

The magnitude o f  B is  

For t h e  p a r a m e t e r s  n = I O ,  R = 10-3 m ,  and n I  = 10 6 A ,  t h e  c o n s t a n t  B 
c o n t o u r s  are shown i n  f i g u r e  4 .  There are large g r a d i e n t s  o f  B n e a r  t h e  

5 



f i l a m e n t s  and B is e s s e n t i a l l y  z e r o  i n  t h e  r e g i o n  i n t e r i o r  t o  t h e  r i n g  o f  
f i l a m e n t s .  T h i s  b e h a v i o r  is  a g a i n  d i s p l a y e d  i n  f i g u r e  5 which shows B as a 
f u n c t i o n  o f  r .  The e lec t r ic  f i e l d  induced by t h e  changing c u r r e n t  and r e s u l -  
t a n t  magnet ic  f i e l d  i s  o b t a i n e d  from 

During the  compression phase t h e  r a d i u s  R o f  t h e  c u r r e n t  f i l a m e n t s  i s  t a k e n  t o  
c o l l a p s e  w i t h  t h e  e x p e r i m e n t a l l y  determined v e l o c i t y  
(See refs. 4 and 14.) Thus, t h e  induced e l e c t r i c  f i e l d  d u r i n g  t h e  compression 
phase is  

Vc = -dR/dt o f  180 km/s. 

Note t h a t  f o r  
E, t h e  boundary c o n d i t i o n  
induced f i e l d  a t  v a r i o u s  angyes between two f i l a m e n t s .  
between f i l a m e n t s  i s  36' and t h e  a n g l e s  0' and 36' p a s s  t h r o u g h  t h e  c e n t e r  o f  
f i l a m e n t s .  

r = ro (where ro = 0.05 m ,  t h e  r a d i u s  o f  t h e  o u t e r  e l e c t r o d e ) ,  

F i g u r e  6 shows t h e  r a d i a l  v a r i a t i o n  o f  t h e  
i s  e s s e n t i a l l y  z e r o  and no term need be added t o  e q u a t i o n  (12) t o  s a t i s f y  

E Z ( r  ) = 0 .  
Note t h a t  t h e  a n g l e  

During t h e  c u r r e n t - r e d u c t i o n  phase ,  R remains c o n s t a n t  and t h e  e l e c t r i c  
c u r r e n t  I v a r i e s  as 

I Io(l - T t )  ( 13 )  

where Io = I ( t  = 0 )  and where T is  de te rmined  i n  agreement w i t h  experimen- 
t a l  r e s u l t s  t o  o b t a i n  a 30-percent c u r r e n t  r e d u c t i o n  i n  50 n s .  Thus, t h e  a x i a l  
e l ec t r i c  f i e l d  d u r i n g  t h e  c u r r e n t - r e d u c t i o n  p h a s e  i s  
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E, = - -[ln (R2n - 2Rnrn cos  n e  + r2n) - I n  ( R Z n  - 2Rnr0 cos  ne  + rZn)] 

The second term i n  t h e  e q u a t i o n  i s  a c o n s t a n t  such t h a t  t h e  induced elec- 
t r i c  f i e l d  becomes z e r o  a t  r a d i u s  which i s  t h e  r a d i u s  o f  t h e  o u t e r  elec- 
t r o d e .  F i g u r e  7 shows t h e  rad ia l  v a r i a t i o n  o f  t h e  induced a x i a l  f i e l d  d u r i n g  
t h e  c u r r e n t - r e d u c t i o n  phase as g i v e n  by e q u a t i o n  ( 1 4 ) .  Note t h a t  t h e  50-ns 
c u r r e n t - r e d u c t i o n  phase i s  p robab ly  t o o  l o n g .  Thus, t h e  induced f i e l d  i n  t h e  
c e n t r a l  r e g i o n  d u r i n g  t h e  c u r r e n t - r e d u c t i o n  phase i s  expec ted  t o  be about  t h e  
same magnitude as t h e  peak f i e l d  d u r i n g  the  compression phase as shown i n  
f i g u r e  6 .  

ro 

Uniform Cur ren t  

The magnet ic  and e l ec t r i c  f i e l d s  f o r  t h e  un i fo rm-cur ren t  d e n s i t y  model used 
i n  t h e  p r e s e n t  r e p o r t  are t h e  same as t h o s e  used p r e v i o u s l y  i n  r e f e r e n c e  14,  and 

6 



t h e i r  d e r i v a t i o n  w i l l  n o t  be r e p e a t e d  here. During t h e  compression phase t h e  
magnet ic  f i e l d  i s  

where R ( t )  is now t h e  r a d i u s  of t h e  c u r r e n t - c a r r y i n g  r e g i o n  and I i s  t h e  
t o t a l  c u r r e n t .  The c o r r e s p o n d i n g  induced e l ec t r i c  f i e l d  i s  

E , ( r , t )  = 0 ( r  > R ( t ) )  

For  t h e  c u r r e n t - r e d u c t i o n  phase t h e  magnet ic  f i e l d  i s  

r e s u l t i n g  i n  an induced e l ec t r i c  f i e l d  g i v e n  by 

RESULTS AND ANALYSIS 

Current-Fi lament  Model 

F i l amen ta ry  c u r r e n t  s t r u c t u r e  has been observed d u r i n g  t h e  c o l l a p s e  o r  com- 
p r e s s i o n  phase o f  f o c u s  f o r m a t i o n .  It ,  t h e r e f o r e ,  seems a p p r o p r i a t e  t o  i n v e s t i -  
gate t h e  effect  o f  t h e  a s s o c i a t e d  f i e l d s  on the  plasma e l e c t r o n s .  Details  o f  
t h e  f i e l d s  are shown i n  f i g u r e s  4 t o  7 .  F i g u r e  8 shows t h e  e v o l u t i o n  o f  t h e  
e l e c t r o n  d i s t r i b u t i o n  r e p r e s e n t e d  by 3000 e l e c t . r o n s  d u r i n g  t h e  compression 
phase .  The i n i t i a l  c o n d i t i o n s  o f  t h e  e l e c t r o n s  are g e n e r a t e d  by a pseudo randon- 
number g e n e r a t o r .  The i n i t i a l  v e l o c i t i e s  were g i v e n  a Gaussian d i s t r i b u t i o n ,  
whereas t h e  i n i t i a l  p o s i t i o n s  were g i v e n  a uniform d i s t r i b u t i o n .  The magne t i c  
and induced e l ec t r i c  f i e l d s  a c t i n g  on t h e  e l e c t r o n s  are  g i v e n  by e q u a t i o n s  (81, 
(91,  and (IO). The v a r i a b l e  R d e f i n i n g  t h e  r a d i a l  p o s i t i o n  o f  t h e  c u r r e n t  fil- 
aments is  g i v e n  by 
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R ( t )  R o  - V c t  

Experimental  r e s u l t s  ( re f .  4 )  i n d i c a t e  t h a t  t h e  a fo remen t ioned  e x p r e s s i o n  is  
v a l i d  f o r  0 <= t 5 50 n s .  However, because of t h e  r a p i d  e l e c t r o n  r e s p o n s e  t o  
t he  s t r o n g  induced e l ec t r i c  f i e l d s ,  t h e  c a l c u l a t i o n s  are performed f o r  o n l y  a 
f r a c t i o n  o f  a n s .  Note t h a t  e l e c t r o n s  are e x p e l l e d  from t h e  r e g i o n s  o f  h i g h  
magnet ic  f i e l d  n e a r  t h e  f i l a m e n t s .  A l so ,  e l e c t r o n s  c o n c e n t r a t e  i n  magnet ic  
wells between f i l a m e n t s  and i n  t h e  c e n t r a l  r e g i o n .  The e v o l u t i o n  o f  t h e  t o t a l  
e l e c t r o n  v e l o c i t y  as a f u n c t i o n  o f  r a d i u s  i s  g i v e n  i n  f i g u r e  9 .  A s  c an  be seen  
from f i g u r e s  5 and 6 ,  t h e  magnet ic  f i e l d  i s  e s s e n t i a l l y  zero i n  t h e  r e g i o n  i n t e -  
r i o r  t o  t h e  r i n g  o f  f i l a m e n t s ,  whereas t h e  a x i a l  e l ec t r i c  f i e l d  i s  large i n  t h i s  
r e g i o n .  Thus, t h e  e l e c t r o n s  i n  t h e  c e n t r a l  r e g i o n  q u i c k l y  reach large a x i a l  
v e l o c i t i e s  and e s s e n t i a l l y  free stream under t h e  i n f l u e n c e  o f  t h e  induced a x i a l  
e l ec t r i c  f i e l d .  A s  t h e  e l e c t r o n s  r e a c h  a n  a x i a l  d i s t a n c e  o f  1 .5  cm from t h e i r  
i n i t i a l  z = 0 p o s i t i o n ,  t h e y  are assumed t o  have escaped t h e  f o c u s  r e g i o n  and 
are t aken  o u t  o f  t h e  c a l c u l a t i o n s .  T h i s  e x p l a i n s  t h e  absence  o f  accelerated 
e l e c t r o n s  i n  t h e  c e n t r a l  r e g i o n s  a f t e r  t = 0.15 n s  i n  f igure 9 .  F i g u r e  10 d i s -  
p l a y s  t h e  ene rgy  o f  t h e  e l e c t r o n s  d u r i n g  t h e  compression phase .  The symbol T* 
d e n o t e s  t h e  ene rgy  a s s o c i a t e d  w i t h  t h e  a x i a l  motion,  whereas Txy i s  a n  effec- 
t i v e  t r a n s v e r s e  t e m p e r a t u r e .  Note t h a t  t h e  e l e c t r o n s  are q u i c k l y  h e a t e d  t o  
about  8 keV. 

Similar  r e s u l t s  are  o b t a i n e d  d u r i n g  t h e  c u r r e n t - r e d u c t i o n  phase .  A s  shown 
i n  f igure 7 ,  t h e  ax ia l  f i e l d  i s  now i n  t h e  o p p o s i t e  d i r e c t i o n  and accelerates 
e l e c t r o n s  toward t h e  c e n t e r  e l e c t r o d e .  F i g u r e  11 shows t h e  e v o l u t i o n  o f  t h e  
e l e c t r o n  d i s t r i b u t i o n .  The e v o l u t i o n  o f  t h e  e l e c t r o n  v e l o c i t i e s  i s  shown i n  
f igure  12. 

The large c e n t r a l  r e g i o n  o f  nea r -ze ro  magnet ic  f i e l d  f o r  t h e  f i l a m e n t  model 
a l l o w s  e l e c t r o n  a c c e l e r a t i o n  away from t h e  anode d u r i n g  t h e  compression phase 
and toward t h e  anode d u r i n g  t h e  c u r r e n t - r e d u c t i o n  phase.  E l e c t r o n  a c c e l e r a t i o n  
away from t h e  anode as o b t a i n e d  w i t h  t h e  f i l a m e n t  model is  n o t  suppor t ed  by 
expe r imen ta l  da ta .  The model does e x p l a i n  t h e  e x p e r i m e n t a l l y  observed e l e c t r o n  
h e a t i n g .  The large number o f  e l e c t r o n s  accelerated t o  r e l a t i v i s t i c  v e l o c i t i e s  
i n  t h e  r e g i o n  i n t e r i o r  t o  t h e  r i n g  o f  f i l a m e n t s  would g i v e  rise t o  s t r o n g  mag- 
n e t i c  f i e l d s .  These f i e l d s  would impede t h e  e l e c t r o n s  and lead t o  a r e d u c t i o n  
i n  t h e  c u r r e n t .  T h e r e f o r e ,  a s e l f - c o n s i s t e n t  computat ion seems n e c e s s a r y  f o r  
accurate modeling. 

Uniform-Current Model 

The uniform-current  model ( r e f .  1 4 )  i s  p r o b a b l y  t h e  s i m p l e s t  model one can 
assume f o r  t h e  plasma f o c u s .  S i n c e ,  i n  t h i s  case, t h e  magnet ic  f i e l d  i n c r e a s e s  
l i n e a r l y  w i t h  r ,  t h e  r e g i o n  o f  B = 0 a v a i l a b l e  t o  produce runaway e l e c t r o n s  
i s  much smaller t h a n  t h a t  i n  t h e  f i l a m e n t  model.  Thus, t h e  r e s u l t s  are  much 
less  l i k e l y  t o  be i n  c o n f l i c t  w i t h  a s e l f - c o n s i s t e n t  computa t ion .  F i g u r e  13 dem- 
o n s t r a t e s  t h e  e v o l u t i o n  o f  t h e  x-y p o s i t i o n s  of 3000 e l e c t r o n s  w i t h  a n  i n i 5 i a l f y  
uniform d i s t r i b u t i o n  d u r i n g  t h e  compression phase.  The d i r e c t i o n  o f  t h e  E x B 
d r i f t  i s  away from t h e  a x i s ,  so  t h a t  t he  e l e c t r o n s  l e a v e  a "holet1 on t h e  a x i s .  
Par t ic les  are most l i k e l y  t o  be accelerated n e a r  t h e  a x i s  where B is  small; 
but s i n c e  t h e  induced e lec t r ic  f i e l d  d u r i n g  t h e  c o l l a p s e  phase  d r i v e s  e l e c t r o n s  



away from t h i s  r e g i o n ,  v e r y  l i t t l e  a c c e l e r a t i o n  takes p l a c e .  There i s  es sen -  
t i a l l y  no h e a t i n g  of t he  e l e c t r o n s  because of t r a p p i n g  by t h e  s t r o n g  magnet ic  
f i e l d .  The i n c l u s i o n  o f  c o  l i s i o n s  would n o t  a f fec t  these r e s u l t s  a p p r e c i a b l y  
s i n c e  there are a t  least  IO' c y c l o t r o n  p e r i o d s  p e r  c o l l i s i o n  time. F i g u r e  14 
shows t h e  time e v o l u t i o n  of t h e  a x i a l  v e l o c i t y  as a f u n c t i o n  o f  radial  p o s i t i o n  
d u r i n g  the compression phase .  As can  be s e e n ,  o n l y  a f e w  e l e c t r o n s  are heated 
t o  moderate t e m p e r a t u r e s  n e a r  t h e  c e n t r a l  r e g i o n .  

The e v o l u t i o n  o f  t h e  x-y d i s t r i b u t i o n  o f  e l e c t r o n s  f o r  the+cur;ent-  
r e d u c t i o n  phase is  shown i n  f i g u r e  15. During t h i s  phase the  E x B d r i f t  
f o r c e s  e l e c t r o n s  toward t h e  a x i s .  The c o r r e s p o n d i n g  e v o l u t i o n  o f  t h e  e l e c t r o n  
v e l o c i t i e s  as a f u n c t i o n  of r a d i u s  i s  shown i n  f i g u r e  16. Away from t h e . c e n t r a 1  
r e g i o n  e l e c t r o n s  are e f f e c t i v e l y  t i e d  t o  t h e  magnet ic  f i e l d  and l i t 4 l e  $ e a t i n g  
o r  a c c e l e r a t i o n  takes p l a c e .  However, as e l e c t r o n s  f o r c e d  by t h e  E x B d r i f t  
approach w i t h i n  a Larmor r a d i u s  o f  t h e  a x i s  t h e y  are free t o  accelerate under  t h e  
s t r o n g  eE, f o r c e .  These e l e c t r o n s  q u i c k l y  g a i n  k i n e t i c  ene rgy  i n  the  direc- 
t i o n  o p p o s i t e  t o  J,. 
j e c t o r i e s  as  t h e y  approach t h e  a x i s  and are t h e n  accelerated i n  t he  , - d i r e c t i o n  
toward t h e  c e n t e r  e l e c t r o d e .  A t  a large r a d i u s  r ,  these t r a j e c t o r i e s  are  w e l l  
d e s c r i b e d  by t h e  d r i f t  app rox ima t ion  

F i g u r e s  17 and 18 show two examples o f  such  e l e c t r o n  t ra -  

-I it = E ( r )  x s(r)  
B 2 ( r >  

However, as t h e  e l e c t r o n  approaches  w i t h i n  a Larmor r a d i u s  o f  t h e  a x i s ,  i t  " r u n s  
away," a l t h o u g h  i ts  a n g u l a r  momentum r e q u i r e s  i t  t o  keep c i r c l i n g  t h e  a x i s  as i t  
accelerates. The t ime-averaged ene rgy  d i s t r i b u t i o n  o f  t h e  runaway e l e c t r o n s  i s  
found t o  be i n v e r s e l y  p r o p o r t i o n a l  t o  t he  e l e c t r o n  ene rgy .  

F i g u r e  19 shows a comparison o f  t h e  X-ray emiss ion  e x p e r i m e n t a l l y  deter-  
mined from t h e  25 kJ 20 kV plasma f o c u s  a t  t h e  Langley Research Cen te r  w i t h  t h e  
emiss ion  o b t a i n e d  from t h e  frrunawaylf e l e c t r o n s  impinging on the  c e n t e r  elec- 
t r o d e .  The X-ray p a t t e r n  i s  determined from t h e  e l e c t r o n  v e l o c i t y  v e c t o r s  by  
u s i n g  the  t h i c k  target approx ima t ion ;  t h a t  i s ,  t h e  e m i t t e d  energy i s  u n i f o r m l y  
d i s t r i b u t e d  i n  f r equency  up t o  t h e  ene rgy  o f  t h e  i n c i d e n t  e l e c t r o n .  For t h e  low- 
ene rgy  emiss ion  there is  good agreement;  whereas, because o f  i n s u f f i c i e n t  e x p e r i -  
mental  da t a ,  t h e  agreement i s  q u e s t i o n a b l e  fo r  t h e  high-energy e m i s s i o n .  

Runaway-Current L i m i t a t i o n  

I n  t h i s  s e c t i o n  t h e  un i fo rm-cur ren t  model i s  used t o  p r e d i c t  some p rope r -  
t i e s  o f  t h e  runaway e l e c t r o n s  t h a t  may be  s u b j e c t  t o  expe r imen ta l  o b s e r v a t i o n .  
For a un i fo rm-cur ren t  d i s t r i b u t i o n ,  

where Vav is  t h e  a v e r a g e  d r i f t  o f  t h e  s p e c i e s  w i t h i n  r a d i u s  r and t h e  plasma 
d e n s i t y  ne is assumed c o n s t a n t .  Par t ic les  w i t h  Larmor r a d i u s  greater t h a n  
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t h e i r  rad ia l  p o s i t i o n  are free t o  r u n  away. S i n c e  t h e  Larmor r a d i u s  decreases 
w i t h  rad ia l  p o s i t i o n ,  a l l  p a r t i c l e s  w i t h i n  a r a d i u s  rr,  determined by s e t t i n g  
t h e  radial  p o s i t i o n  e q u a l  t o  t h e  Larmor r a d i u s ,  are free t o  r u n  away. That  i s ,  

r r = - - -  ’th - ‘thm 
9, eBrr 

where Vth = (T/m)I’*, t h e  a v e r a g e  p a r t i c l e  thermal  v e l o c i t y ,  and 9, is  t h e  
c y c l o t r o n  f r equency .  S i m p l i f i e d ,  t h e  runaway r a d i u s  becomes 

rr = (F)’’~ ( 1 5 )  

If 
ber  of runaway i o n s  ( r e f .  1 3 ) .  However, s i n c e  t h e  i o n  r e sponse  time i s  much 
larger t h a n  t h a t  o f  t h e  e l e c t r o n s ,  i o n  runaway c u r r e n t  would be impor t an t  o n l y  
on a much larger time scale than  t h a t  i n v e s t i g a t e d  here. For  t y p i c a l  f o c u s  
pa rame te r s  ( T  = 1 keV; B = 2 x I O 5  T / m ) ,  t h e  e l e c t r o n  
e q u a l  t o  m (see f i g s .  17 and 18) which i s  q u i t e  small compared t o  t he  r a d i u s  

could p o s s i b l y  reach v a l u e s  as h i g h  as 3 x I O 8  T/m ( e .g . ,  f o r  
vaV = c )  r e s u l t i n g  i n  a minimum v a l u e  f o r  ry of approx ima te ly  10- m .  

Te = T i ,  t h e  number o f  runaway e l e c t r o n s  w i l l  be (me/mi)  ’I2 times t h e  num- 

rr is  approx ima te ly  

of t h e  f o c u s  plasma. However, a f t e r  runaway o f  e l e c t r o n s  o c c u r s  w i t h i n  rr ,  B 

n = m-3 and 

F u r t h e r ,  e q u a t i o n  (15)  can be  used t o  estimate t h e  t o t a l  c u r r e n t  car r ied  by 
runaway p a r t i c l e s :  

T h i s  i s  a remarkable  r e s u l t  because i t  depends upon o n l y  a s imple  e x p e r i m e n t a l  
p a r a m e t e r ,  t h e  s p e c i e s  t e m p e r a t u r e .  For a t y p i c a l  Te = 1 keV, 1, = 400 A 
which i s ,  of c o u r s e ,  v e r y  small compared t o  t h e  t o t a l  c u r r e n t  o f  approx ima te ly  
1 MA d i s c h a r g e d  th rough  a f o c u s .  

The d e r i v a t i o n  o f  e q u a t i o n  ( 1 6 )  i s  s imilar ,  b u t  n o t  e q u i v a l e n t ,  t o  a s i m p l e  
d e r i v a t i o n  o f  t h e  well-known Alfvgn-Lawson c r i t e r i o n  f o r  t h e  maximum c u r r e n t  
which can be  carried by a c h a r g e - n e u t r a l i z e d ,  r e l a t i v i s t i c  e l e c t r o n  beam 
( r e f .  2 2 ) .  I n  both cases t h e  argument h i n g e s  on e q u a t i n g  t h e  e l e c t r o n  Larmor 
r a d i u s  t o  t h e  volume c o n t a i n i n g  t h e  high-speed e l e c t r o n s .  The impor t an t  d i f f e r -  
ence is t h a t ,  i n  t he  r e l a t i v i s t i c - b e a m  case,  t h i s  v e l o c i t y  i s  t a k e n  as t h e  d r i f t  
speed of  t h e  beam Vav;  whereas i n  t h e  plasma f o c u s ,  t h e  e l e c t r o n  the rma l  ve loc -  
i t y  Vth i s  t h e  a p p r o p r i a t e  q u a n t i t y  and Vav d rops  o u t  o f  t h e  f i n a l  expres -  
s i o n  f o r  I,. 

DISCUSSION 

Although t h e  computa t ions  p r e s e n t e d  f o r  t h e  f i l a m e n t  and uniform-current  
models are n o t  s e l f - c o n s i s t e n t ,  e q u a t i o n  ( 1 6 )  i s  a s e l f - c o n s i s t e n t  r e s u l t  w i t h i n  
t h e  assumption of uniform c u r r e n t .  That i s ,  i f  t h e  e l e c t r o n  c u r r e n t  d e n s i t y  
( f o r  some r e a s o n )  i n c r e a s e s ,  B a l s o  i n c r e a s e s  and rr decreases. Thus, fewer 
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e l e c t r o n s  are free t o  run  away and t h e  e f fec ts  o f  i n c r e a s i n g  J and d e c r e a s i n g  
runaway r a d i u s  compensate each o t h e r  so t h a t  1, r ema ins  c o n s t a n t .  

It is i m p o r t a n t  t o  n o t e  t h a t ,  because t h e  p r e s e n t  model assumes t h a t  t he  
e lec t r ic  and magnet ic  f i e l d s  are g i v e n ,  i t  canno t  p r e d i c t  t h e  ene rgy  d i s t r i b u -  
t i o n  o f  t h e  runaway e l e c t r o n s  n o r  t h e  d u r a t i o n  o f  t h e  a s s o c i a t e d  X-ray p u l s e .  
T h e r e f o r e ,  it is  d i f f i c u l t  a t  p r e s e n t  t o  make q u a n t i t i a t i v e  comparisons w i t h  
e x p e r i m e n t a l  r e s u l t s .  These r e s u l t s  are u s u a l l y  g i v e n  as t o t a l  runaway e l e c t r o n  
ene rgy  i n f e r r e d  from measurements o f  t h e  ha rd  X-ray e n e r g y  emitted by t h e  f o c u s .  

Harries e t  a l .  ( r e f .  19) have observed X-rays above 50 keV e m i t t e d  f o r  
100 n s  and have determined an electron-beam ene rgy  o f  abou t  I J .  By assuming an 
ave rage  e l e c t r o n  ene rgy  o f  abou t  50 keV, t h e y  have estimated an ave rage  c u r r e n t  
o f  200 A ,  i n  approximate agreement w i t h  t h e  p r e s e n t  p r e d i c t i o n .  However, Gul- 
l i c k s o n  and Barlet t  ( r e f .  18) i n f e r  a t o t a l  ene rgy  o f  l k J  f o r  e l e c t r o n s  w i t h  
e n e r g i e s  g r e a t e r  t h a n  about  100 keV i n  10 n s ,  and Maisonnier  e t  a l .  ( re f .  23) 
estimate 600 J f o r  100 keV e l e c t r o n s .  S i n c e  these la t te r  r e s u l t s  imply runaway- 
c u r r e n t  o r d e r s  of magnitude larger  t h a n  t h e  p r e s e n t  p r e d i c t i o n ,  f u r t h e r  work, 
bo th  e x p e r i m e n t a l  and t h e o r e t i c a l ,  would be desirable  t o  r e s o l v e  t h i s  
d i s c r e p a n c y .  

I n  s p i t e  o f  t hese  l i m i t a t i o n s ,  t h e  p r e s e n t  model does  make an unambiguous 
p r e d i c t i o n  which  i s  s u b j e c t  t o  d i r e c t  e x p e r i m e n t a l  v e r i f i c a t i o n :  t h a t  i s ,  run- 
away e l e c t r o n s  must be  a c c e l e r a t e d  toward t h e  anode.  The r e a s o n  f o r  t h i s ,  as 
first d i s c u s s e d  i n  r e f e r e n c e  13 ,  and as  i n d i c a t e d  he re ,  i s  t h a t  a x i a l  e l e c t r i c  
f i e l d s  p o i n t i n g  a g a i n s t  t h e  c u r r e n t  f l ow c a u s e  charged p a r t i c l e s  t o + d r i f t  toward 
larger r a d i i ,  away from t h e  runaway r e g i o n  n e a r  t h e  a x e s ;  whereas E p a r a l l e l  
t o  3 "pinches"  e l e c t r o n s  and i o n s  toward the  B = 0 r e g i o n  where runaway can 
o c c u r .  

T h i s  p r e d i c t i o n  i m p l i e s  t h a t  i o n s  are  accelerated away from t h e  anode,  an 
o f t en -demons t r a t ed  expe r imen ta l  r e s u l t ,  and t h a t  e l e c t r o n s  r u n  away toward t h e  
anode.  Recent X-ray data ( refs .  18 and 19; a l s o ,  f i g .  2 )  have g iven  s t r o n g  sup- 
p o r t  t o  t h i s  p r e d i c t i o n  f G r  t h e  e l e c t r o n s .  The p r e s e n t  p r e d i c t i o n  i s  d i r e c t l y  
opposed t o  t h a t  of Newman and P e t r o s i a n  ( r e f .  20)  who claim t h a t  e l e c t r o n s  are 
accelerated away from t h e  anode.  

The p r e s e n t  work suggests t h a t  t h e  X-ray e m i t t i n g ,  a x i a l l y  o r i e n t e d ,  
f i l a m e n t - l i k e  s t r u c t u r e s  observed by B o s t i c k  e t  a l .  ( r e f .  1 6 )  are narrow c h a n n e l s  
o f  high-speed e l e c t r o n s  accelerated by e l e c t r i c  f i e l d s  induced d u r i n g  t h e  
c u r r e n t - r e d u c t i o n  phase o f  t h e  f o c u s .  The s m a l l n e s s  of rr does n o t  p r e c l u d e  
the  s imul t aneous  e x i s t e n c e  of more t h a n  one o f  these c h a n n e l s ,  as sugges t ed  by 
B o s t i c k ,  but  t h e  p r e s e n t  t h e o r y  i s  n o t  y e t  a d e q u a t e  t o  p r e d i c t  t h e  c o n d i t i o n s  
n e c e s s a r y  f o r  t h e  development of  m u l t i p l e  f i l a m e n t a t i o n .  

Equa t ions  (15)  and ( 1 6 )  may have r e l e v a n c e  t o  i o n s  as w e l l ,  bu t  these equa- 
rr t i o n s  should be a p p l i e d  w i t h  care s i n c e  for  i o n s  can  be  o f  t h e  same o r d e r  

o f  magnitude as t h e  plasma r a d i u s ,  and t h e  un i fo rm-cur ren t  approx ima t ion  i s  prob- 
a b l y  n o t  v a l i d  o v e r  t h e  whole c r o s s  s e c t i o n  o f  t h e  f o c u s .  Thus, e q u a t i o n  ( 1 6 )  
s u g g e s t s ,  rather t h a n  p r e d i c t s ,  t h a t  runaway i o n s  can c a r r y  s u b s t a n t i a l l y  more 
c u r r e n t  and ene rgy  t h a n  runaway e l e c t r o n s  and t h a t  t h e  f o c u s  may be  a good 
d e v i c e  f o r  a c c e l e r a t i n g  v e r y  heavy i o n s .  
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CONCLUDING REMARKS 

R e s u l t s  are p r e s e n t e d  o f  a numer i ca l  i n t e g r a t i o n  o f  t h e  th ree -d imens iona l  
r e l a t i v i s t i c  e q u a t i o n s  o f  motion o f  e l e c t r o n s  s u b j e c t  t o  g i v e n  e lec t r ic  and mag- 
n e t i c  f i e l d s  deduced from expe r imen t s .  F i e l d s  due t o  two d i f f e r e n t  models are 
i n v e s t i g a t e d .  For t h e  first model, t h e  f i e l d s  a re  t h o s e  due t o  a c i r c u l a r  d i s -  
t r i b u t i o n  o f  a x i a l  c u r r e n t  f i l a m e n t s .  A s  t h e  c u r r e n t  f i l a m e n t s  c o l l a p s e  toward 
t h e  a x i s ,  large a z i m u t h a l  magnet ic  and a x i a l  e lec t r ic  f i e l d s  are induced .  These 
f i e l d s  e f f e c t i v e l y  heat t h e  e l e c t r o n s  t o  a t e m p e r a t u r e  of a p p r o x i m a t e l y  8 keV 
and accelerate e l e c t r o n s  w i t h i n  t h e  r a d i u s  o f  t h e  f i l a m e n t s  t o  h igh  a x i a l  ve loc -  
i t i e s .  Similar r e s u l t s  are  o b t a i n e d  f o r  t h e  c u r r e n t - r e d u c t i o n  phase o f  f o c u s  
f o r m a t i o n .  For t h e  second model, t h e  f i e l d s  are  t h o s e  due t o  a uniform c u r r e n t  
d i s t r i b u t i o n .  Both t h e  c u r r e n t - r e d u c t i o n  and t h e  compression p h a s e s  were s t u d -  
i e d .  There i s  l i t t l e  h e a t i n g  o r  a c c e l e r a t i o n  o f  e l e c t r o n s  d u r i n g  t h e  compres- 
s i o n  phase because t h e  e l e c t r o n s  are  t i e d  t o  t h e  magnet ic  f i e l d .  However, dur-  
i n g  t h e  c u r r e n t - r e d u c t i o n  phase,  e l e c t r o n s  n e a r  t h e  a x i s  are accelerated toward 
the  c e n t e r  e l e c t r o d e  and reach e n e r g i e s  o f  100 keV. The computa t ions  are  i n  gen- 
e ra l  agreement w i t h  e x p e r i m e n t a l  r e s u l t s .  A c r i t e r i o n  i s  o b t a i n e d  which l i m i t s  
t h e  runaway e l e c t r o n  c u r r e n t  t o  abou t  400 A .  The c r i t e r i o n  depends o n l y  on t h e  
e l e c t r o n  t e m p e r a t u r e  and t h u s  i s  s u b j e c t  t o  e x p e r i m e n t a l  o b s e r v a t i o n .  

Langley Research Cen te r  
N a t i o n a l  A e r o n a u t i c s  and Space A d m i n i s t r a t i o n  
Hampton, V A  23665 
December 15,  1976 
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Figure  1 . -  Cross-sec t iona l  view through c o a x i a l  plasma-focus appa ra tus .  
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F igu re  2.- Experimental  s e t u p  t o  determine d i r e c t i o n  o f  e l e c t r o n  a c c e l e r a t i o n  i n  t h e  plasma focus .  
No X-rays are observed from t h e  aluminum t a r g e t ,  i n d i c a t i n g  t h a t  e l e c t r o n s  are accelerated 
downward toward t h e  c e n t e r  e l e c t r o d e  from which s t r o n g  X-ray emiss ion  i s  observed.  



Figure 3.- Center e l e c t r o d e  from t h e  c o a x i a l  plasma focus  showing radial  tracks produced 
by c u r r e n t  f i l a m e n t s .  



Figure 4.- Contours of constant B for 10 current filaments uniformly distributed around a circle 
with a diameter of 2 mm. Each filament carries 100 kA resulting in a total current of 1 MA. 
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Figure 5.- Radial  v a r i a t i o n  of B a t  va r ious  a n g l e s .  Note t h a t  B i s  e s s e n t i a l l y  ze ro  i n  t h e  

c e n t r a l  r eg ion  i n s i d e  t h e  r i n g  o f  f i l a m e n t s .  
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F i g u r e  6 . -  Induced a x i a l  e l e c t r i c  f i e l d  du r ing  t h e  compression f o r  t h e  f i l a m e n t  model. 
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Figure  7.-  Induced a x i a l  e lec t r ic  f i e l d  i n  t h e  f i l a m e n t  model dur ing  'the c u r r e n t  r e d u c t i o n  phase.  

Note t h a t  t h e  p o s i t i v e  f i e l d  accelerates e l e c t r o n s  toward t h e  anode. 
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F igure  17.- Typica l  e l e c t r o n  t r a j e c t o r y  nea r  t h e  c e n t r a l  reqio; duf;ing t h e  c u r r e n t  r educ t ion  phase 
i n  the uniform c u r r e n t  model. Under the i n f l u e n c e  o f  t h e  E x B d r i f t ,  t h e  e l e c t r o n  moves 
toward t h e  a x i s .  As t h e  e l e c t r o n  approaches wi th in  a Larmor r a d i u s  o f  t h e  a x i s ,  i t  i s  acceler- 
ated i n  t h e  nega t ive  z -d i r ec t ion  and "runs away." 
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F igu re  17.- Concluded. 
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